Abstract. An integral presentation for the scalar products of nested Bethe vectors for the quantum integrable models associated with the quantum affine algebra U q ( gl 3 ) is given. This result is obtained in the framework of the universal Bethe ansatz, using presentation of the universal Bethe vectors in terms of the total currents of a "new" realization of the quantum affine algebra U q ( gl 3 ).
Introduction
The problem of computing correlation functions is one of the most challenging problem in the field of quantum integrable models, starting from the establishment of the Bethe ansatz method in [1] . For the models where algebraic Bethe ansatz [2, 3, 4, 5] is applicable, this problem can be reduced to the calculation of scalar products of off-shell Bethe vectors. These latters are Bethe vectors where the Bethe parameters are not constrained to obey the Bethe Ansatz equations anymore. For gl 2 -based integrable models, these scalar products were calculated in [6, 7, 8] and are given by the sums over partitions of two sets of the Bethe parameters. Lately, it was shown by N. Slavnov [9] , that if one set of Bethe parameters satisfies Bethe equations (which guarantees that the Bethe vectors are eigenvectors of the transfer matrix), then the formula for scalar products can be written in a determinant form. This form is very useful to get an integral presentation for correlation functions [10, 11, 12, 13] in the thermodynamic limit.
There is a wide class of quantum integrable models associated with the algebra gl N (N > 2). An algebraic Bethe ansatz for these type models is called hierarchical (or nested) and was introduced by P. Kulish and N. Reshetikhin [14] . This method is based on a recursive procedure which reduces the eigenvalue problem for the transfer matrix for the model with gl N symmetry to an analogous problem for the model with gl N −1 symmetry. Assuming that the problem for N = 2 is solved, this method allows to find hierarchical Bethe equations. Explicit formulas for the hierarchical Bethe vectors in terms of the matrix elements of the gl N monodromy matrix can be found in [15] , but these complicated expressions are very difficult to handle.
The solution of this problem, namely the formulas for the off-shell Bethe vectors in terms of monodromy matrix, was found in [16] . These vectors are called universal, because they have the same structure for the different models sharing the same hidden symmetry. This construction requires a very complicated procedure of calculation of the trace of projected tensor powers of the monodromy matrix. It was performed in [17] , but only on the level of the evaluation representation of U q ( gl N ) monodromy matrix.
There is a new, alternative approach to the construction of universal Bethe vectors for gl N symmetry models using current realizations of the quantum affine algebras [18] and using a Ding-Frenkel isomorphism between current and L-operators realizations of the quantum affine algebra U q ( gl N ) [19] . This approach allows to obtain explicit formulas for the universal Bethe vectors in terms of the current generators of the quantum affine algebra U q ( gl N ) for arbitrary highest weight representations. It was proved in [20] that the two methods of construction of the universal Bethe vectors coincide on the level of the evaluation representations. Furthermore, it was shown in [21] that the eigenvalue property of the hierarchical universal Bethe vectors can be reformulated as a problem of ordering of the current generators in the product of the universal transfer matrix and the universal Bethe vectors. It was proved that the eigenvalue property appears only if parameters of the universal Bethe vectors satisfy the universal Bethe equations of the analytical Bethe ansatz [22] .
The universal Bethe vectors in terms of current generators have an integral presentation, as an integral transform with some kernel of the product of the currents. In the U q ( sl 2 ) case, this integral representation produces immediately an integral formula for the scalar product of offshell Bethe vectors [23] which is equivalent to the Izergin-Korepin formula. In this article, we present an integral presentation of the universal off-shell Bethe vectors based on the quantum affine algebra U q ( gl 3 ). These integral formulas lead to integral formulas for scalar products with some kernel. The corresponding formula (5.6) is the main result of our paper. The problem left to be done is to transform the integral form we have obtained to a determinant form which can be very useful for the application to quantum integrable models associated to gl N symmetry algebra.
Universal Bethe vectors in terms of
Let E ij ∈ End(C 3 ) be a matrix with the only nonzero entry equals to 1 at the intersection of the i-th row and j-th column.
be a trigonometric R-matrix associated with the vector representation of gl 3 . Let q be a complex parameter different from zero or a root of unity. The algebra U q ( gl 3 ) (with zero central charge and the gradation operator dropped out) is an associative algebra with unit, generated by the modes L
Actually, we will not impose the condition (2.3) since the universal Bethe vectors will be constructed only from one L-operator, say L + (z). Subalgebras formed by the modes L ± [n] of the L-operators L ± (z) are the standard Borel subalgebras U q (b ± ) ⊂ U q ( gl N ). These Borel subalgebras are Hopf subalgebras of U q ( gl N ). Their coalgebraic structure is given by the formulae
Universal off-shell Bethe vectors
We will follow the construction of the off-shell Bethe vectors due to [16] . Let L(z) =
for L-operator acting nontrivially on k-th tensor factor in the product
with coefficients in End(C 3 ) ⊗M ⊗ U q (b + ), where
In the ordered product of R-matrices (2.5), the R (ji) factor is on the left of the R (ml) factor if j > m, or j = m and i > l. Consider the set of variables
Following [16] , let
The element T(t,s) in (2.6) is given by (2.4) with obvious identification. The coefficients of B(t,s) are elements of the Borel subalgebra U q (b + ). 1 We omit superscript + in this L-operator, since will consider only positive standard Borel subalgebra Uq(b + ) here and below.
We call vector v a right weight singular vector if it is annihilated by any positive mode L i,j [n], i > j, n ≥ 0 of the matrix elements of the L + (z) operator and is an eigenvector of the diagonal matrix entries L
For any right U q ( gl 3 )-module V with a right singular vector v, denote
The vector valued function B V (t,s) was called in [16, 17] universal off-shell Bethe vector. We call vector v ′ a left weight singular vector if it is annihilated by any positive mode L i,j [n], i < j, n ≥ 0 of the matrix elements of the L-operator L + (z) and is an eigenvector of the diagonal matrix entries L
For any left U q ( gl 3 )-module V ′ with a left singular vector v ′ , denote
where
Our goal is to calculate the scalar product
There is a direct way to solve this problem, using the exchange relations of the L-operators matrix elements and the definitions of the singular weight vectors. However, this approach is a highly complicated combinatorial problem. Instead, we will use another presentation of the universal Bethe vectors given recently in the paper [20, 24] , using current realization of the quantum affine algebra U q ( gl 3 ) and method of projections introduced in [25] and developed in [26] .
3 Current realization of U q ( gl 3 )
Gauss decompositions of L-operators
The relation between the L-operator realization of U q ( gl 3 ) and its current realization [18] is known since the work [19] . To build an isomorphism between these two realizations, one has to consider the Gauss decomposition of the L-operators and identifies linear combinations of some Gauss coordinates with the total currents of U q ( gl 3 ) corresponding to the simple roots of gl 3 . Recently, it was shown in [24] that there are two different but isomorphic current realization of U q ( gl 3 ). They correspond to different embeddings of smaller algebras into bigger ones and to different type of Gauss decompositions of the fundamental L-operators. These two different current realizations have different commutation relations, different current comultiplications and different associated projections onto intersections of the current and Borel subalgebras of U q ( gl 3 ). Our way to calculate the scalar product of Bethe vectors (2.11) is to use an alternative form to expressions (2.8) and (2.10) for the universal Bethe vectors. It is written in terms of projections of products of currents onto intersections of the current and Borel subalgebras of U q ( gl 3 ). In this case, the universal Bethe vectors can be written as some integral and the calculation of the scalar product is reduced to the calculation of an integral of some rational function.
For the L-operators fixed by the relations (2.1) and (2.2), we consider the following decompositions into Gauss coordinates F ± j,i (t), E ± i,j (t), j > i and k
Using the arguments of [19] , we may obtain for the linear combinations of the Gauss coordinates (i = 1, 2)
and for the Cartan currents k ± i (t), the commutation relations of the quantum affine algebra U q ( gl 3 ) with zero central charge and the gradation operator dropped out. In terms of the total currents F i (t), E i (t) and of the Cartan currents k ± i (t), these commutation relations read
with Serre relations
Formulae (3.4)-(3.14) should be considered as formal series identities describing the infinite set of relations between modes of the currents. The symbol δ(z) entering these relations is a formal series n∈Z z n .
Borel subalgebras and projections on their intersections
We consider two types of Borel subalgebras in the algebra
are generated by the modes of the L-operators L (±) (z) respectively. For the generators in these subalgebras, we can use instead modes of the Gauss coordinates (3.
Other types of Borel subalgebras are related to the current realizations of U q ( gl N ) given in the previous subsection. We consider first the current Borel subalgebras generated by the modes of the currents
is generated by modes of the currents
, n ∈ Z and m ≥ 0. We will consider also the subalgebra U ′ F ⊂ U F , generated by the elements
, n ∈ Z and m > 0, and the subalgebra U ′ E ⊂ U E generated by the elements
, n ∈ Z and m > 0. In the following, we will be interested in the intersections
and will describe properties of the projections on these intersections. We call U F and U E the current Borel subalgebras.
In [18] the current Hopf structure for the algebra U q ( gl 3 ) has been defined as:
With respect to the current Hopf structure, the current Borel subalgebras are Hopf subalgebras of U q ( gl 3 ). One may construct the whole algebra U q ( gl 3 ) from one of its current Borel subalgebras using the current Hopf structure and the Hopf pairing
Formulas (3.16) can be obtained from the commutation relations (3.4)-(3.14) using the commutator rules (5.4) in the quantum double. One can check [26, 27] 
and that the multiplication m in U q ( gl 3 ) induces an isomorphism of vector spaces
According to the general theory presented in [26] , we introduce the projection operators
They are respectively defined by the prescriptions 19) where ε :
It was proved in [28] that the projections P ± f and P ± e are adjoint with respect to the Hopf pairing (3.16)
Denote by U F an extension of the algebra U F formed by infinite sums of monomials that are ordered products
Denote by U E an extension of the algebra U E formed by infinite sums of monomials that are ordered products
It was proved in [26] that (1) the action of the projections (3.18) can be extended to the algebra U F ;
3) the action of the projections (3.19) can be extended to the algebra U E ; (4) for any e ∈ U E with ∆ (D) (e) = i e ′ i ⊗ e ′′ i we have e = i P + e (e ′′ i ) · P − e (e ′ i ).
Definition of the composed currents
We introduce the composed currents 2 E 1,3 (w) and F 3,1 (y) which are defined by the formulas 20) where the contour integrals C 0,∞ dz z g(z) are considered as integrals around zero and infinity points respectively. The composed currents E 1,3 (w) and F 3,1 (y) belong to the completed algebras U E and U F , respectively. Let us remind that, according to these completions, we have to understand the product of currents E 2 (z)E 1 (w) as an analytical 'function' without singularities in the domain |z| ≪ |w|. Analogously, the product F 1 (y)F 2 (v) is an analytical 'function' in the domain |y| ≫ |v|. For practical calculation, the contour integrals in definitions (3.20) can be understood as the formal integrals of a Laurent series
Deforming contours in the defining formulas for the composed currents we may rewrite them differently
Formulas (3.21) are convenient for the presentation of the composed currents as products of simple root currents
Formulas (3.22) are convenient to calculate the commutation relation between total and halfcurrents. This will be done lately. First, we calculate the formal integrals in the formulas (3.20) to obtain
Here we used the series expansion
Introducing now the half-currents
and using the decomposition of the algebra U q ( gl 3 ) into its standard positive and negative Borel subalgebras and the definition of the screening operators
we may write
To obtain the latter relation, we used formulas (3.23) and relation between total and half-currents
Universal Bethe vectors and projections
The goal of this section is to obtain the representations for the left and right universal Bethe vectors in terms of the integral transform of the products of the total currents. This will generalize the results obtained for U q ( sl 3 ) in the paper [28] . The calculation of the scalar product after that will be reduced to the calculation of the exchange relations between products of total currents.
Universal Bethe vectors through currents
It was shown in the papers [20, 24] that the universal right Bethe vectors
can be identified with some projection of products of total currents. Using the same method, we may prove that the left Bethe vectors
can be also identified with projection of products of total currents 3 . So the problem of calculating the scalar product C V ′ (τ ,σ), B V (t,s) is reduced to the exchange relations between projections. Fortunately, to perform this exchange, we have to calculate only modulo the ideals in the algebra U q ( gl 3 ) which are annihilated by the left/right singular vectors. One could calculate these projections to present them in the form of a sum of products of projections of simple and composed root currents (see formulas (4.4) and (4.5) below). However, this calculation has the same level of difficulty as the exchange relations of Bethe vectors in terms of L-operators. The idea of the present paper is to rewrite projection formulas (4.4) and (4.5) in terms of integrals of total simple root currents, and then to compute the exchange of products of total currents. In this way, we will obtain an integral representation for the scalar product of the off-shell Bethe vectors. This calculation is much more easy, since the commutation relations of the simple roots total currents are rather simple.
Calculation of the universal off-shell Bethe vectors
Before presenting the formulas for the universal off-shell Bethe vectors in terms of the current generators, we have to introduce the following notations. Consider the permutation group S n and its action on the formal series of n variables defined, for the elementary transpositions σ i,i+1 , as follows
The q-depending factor in this formula is chosen in such a way that each product F a (t 1 ) · · · F a (t n ) is invariant under this action. Summing the action over all the group of permutations, we obtain the operator Symt = σ∈Sn π(σ) acting as follows
The product is taken over all pairs (ℓ, ℓ ′ ), such that conditions ℓ < ℓ ′ and σ(ℓ) > σ(ℓ ′ ) are satisfied simultaneously. According to the results of the papers [26, 27] , the calculation of the universal off-shell Bethe vectors is reduced to the calculation of the projections
for the right Bethe vectors and 4
for the left Bethe vectors. The calculation was detailed in [28] . Here, we present the result of calculations and give several comments on how it was performed. Proposition 1. The projections (4.2) and (4.3) are given by the series
and 5
Note that the kernels (4.6) are defined in such a way, that they have only k simple poles at the point t 1 , . . . , t k with respect to the variable x k , k = 1, . . . , n. These kernels appear in the integral presentation of the projections of the products of the same simple root currents (see (4.14) below).
The proof of the formulas (4.4) and (4.5) is similar to the proof presented in the paper [28] . We will not repeat this calculations here, but for completeness, we collect all necessary formulas. As a first step, we present the products of currents F 2 (s 1 ) · · · F 2 (s b ) and E 2 (σ b ) · · · E 2 (σ 1 ) in a normal ordered form using properties of the projections given at the end of the Subsection 3.2:
To evaluate the projections in formulas (4.4) and (4.5), we commute the negative projections P − f (F 2 (s 1 ) · · · F 2 (s k )) to the left through the product of the total currents F 1 (t 1 ) · · · F 1 (t a ) in case of (4.4) and commute the negative projections P − e (E 2 (s m ) · · · E 2 (s 1 )) to the right through the product of the total currents E 1 (τ a ) · · · E 1 (τ 1 ) in (4.5). To perform this commutation we use
and
The expressions
are linear combinations of the half-currents, while
are rational functions satisfying the normalization conditions φ s j (s i ; s 2 , . . . , s k ) = δ ij , i, j = 2, . . . , k. One also needs the commutation relations between negative half-currents and the total currents
and the identity
valid for arbitrary permutations ω and ω ′ of the setss andt, respectively.
Integral presentation of the projections (4.4) and (4.5)
The projections (4.4) and (4.5) are given as a product of projection of currents. As already mentioned, this form is not convenient to obtain scalar products. We give a new representation in term of a multiple integral over the product of simple root currents:
where the kernels E(τ ,σ;μ,ν) and F(t,s;x,ȳ) are given by the series
The proof of these formulas is given in the next subsection. Let us explain the meaning of the integral formulas for the projections (4.8). There is a preferable order of integration in these formulas. First, we have to calculate the integrals over variables ν i and y i , i = 1, . . . , b, respectively, and then calculate the integrals over µ j and x j , j = 1, . . . , a. Example 1. Let us illustrate how it works in the simplest example a = b = 1 and for projection P + f (F 1 (t)F 2 (s) ). We have
Integration over y with the first term of the kernel yields to dy y
due to the commutation relations (4.19) . Integration over y with the second term of the kernel produces
according to the formulas (3.24). Finally, integration over x in both terms produces the result for the projection in this simplest case. The general case can be treated analogously. Of course, one can first integrate over x and then over y. However in this case, the calculation of the integrals for the projection becomes more involved and requires more complicated commutation relations between half-currents.
Proof of the integral presentation of the projections (4.4) and (4.5)
Integral representation for the projections of the same type of currents P
were obtained in [28] . They can be obtained from the calculation of these projections
. . , σ 1 ) are linear combinations of the half-currents
with coefficients being rational functions
There is a very simple analytical proof of the formulas (4.11) given in [28] .
Example 2. Let us illustrate this method on one example: the first relation in (4.11) with b = 2. Indeed, from the commutation relation of the total currents F i (s 1 ) and F i (s 2 ), and due to the integral presentation of negative half-currents
we know that
where X(s 1 ) is an unknown algebraic element which depends only on the spectral parameter s 1 . This element can be uniquely defined from the relation (4.13) setting s 1 = s 2 and using the fact that F 2 i (s) = 0. The general case can be treated analogously (see details in [28] ). Formulas (4.7) can be proved in the same way.
Using now the integral form of the half-currents
one can easily obtain integral formulas for (4.11):
According to the structure of the kernels (4.6), the integrands in (4.14) have only simple poles with respect to the integration variables y 1 and ν 1 in the points s 1 and σ 1 respectively, while with respect to the variables y b and ν b they have simple poles in the points s j and σ j , j = 1, . . . , b. Due to q-symmetric prefactors in the integrals (4.14), the integrals themselves are symmetric with respect to the spectral parameters s j and σ j , j = 1, . . . , b, respectively. The integral form for the projections of the strings
is a more delicate question. To present them as integrals, we use arguments of [28] and formulas (3.24). The point is that the analytical properties of the reverse strings
are the same as the analytical properties of the product of the simple root currents F 1 (t a )· · ·F 1 (t 1 ) and E 1 (τ 1 )· · ·E 1 (τ a ). Therefore the calculation of projection of the reverse string can be done along the same steps as for the product of simple root currents. In order to relate the projection of the string and projection of the reverse string, we need the commutation relations
and the fact (proved in [28] ) that under projections we can freely exchange currents without taking into account the δ-function terms. As result, we get
Here we used the notations
for products of non-commutative terms and the identities
on commutativity of the screening operators and the projections proved in [28] .
The last step before getting integral formulas for universal Bethe vectors is to present products of screening operators acting on total currents,
as an integral using formulas (3.24). The presentation follows from the following chain of equalities
where we have used the commutation relation
Note that these commutation formulas are crucial for the integral formulas given below in (4.20) and (4.21) . One can see that the right hand sides of these formulas are not ordered, while the left hand sides are.
Example 3. Let us check the first equality in (4.19) , in the simplest case. To calculate this exchange relation, we start from the definition of the composed currents F 3,1 (x) as given in (3.22) and apply to this relation the integral transformation dy y
To calculate this integral, we decompose the kernel of the integrand as
This leads to
where we have used the definition of the negative half-current (4.12), the expression of the total composed current (3.23) and the Ding-Frenkel relation
After substituting formulas (4.17) and (4.18) into integral formulas for the projections of the string (4.15) and (4.16), we obtain, from the resolution of the hierarchical relations for the universal Bethe vectors (4.4) and (4.5), the following intermediate results
. . , τ a−m+1 ; σ m , . . . , σ 1 ) 4.20) and
The last step is to move to the left, in (4.20) , the product of the total currents E 1 (µ 1 ) · · · E 1 (µ a ) through the projection P + e (E 2 (σ b ) · · · E 2 (σ m+1 )) using the factorization formulas (4.11) and the commutation relations (4.19) . Analogously, in (4.21), one has to move to the right the product of the total currents
, using again the factorization formulas (4.11) and the commutation relations (4.19). As result, we obtain the integral formulas (4.8) for the projections of the product of currents for the algebra U q ( gl 3 ).
Scalar products of universal Bethe vectors

Commutation of products of total currents
Formulas (4.8) show that in order to calculate the scalar product of the universal Bethe vectors, one has to commute the products of the total currents
According to the decomposition of the quantum affine algebra U q ( gl 3 ) used in this paper, the modes of the total currents
, belong to the Borel subalgebra U q (b + ) ∈ U q ( gl 3 ). We define the following ideals in this Borel subalgebra. Definition 1. We note J, the left ideal of U q (b + ) generated by all elements of the form U q (b + ) · E i [n], n > 0 and U q (b + ) · E 1,3 [1] . Equalities in U q (b + ) modulo element from the ideal J are denoted by the symbol '∼ J '. Definition 2. Let I be the right ideal of U q (b + ) generated by all elements of the form F i [n] · U q (b + ) such that n ≥ 0. We denote equalities modulo elements from the ideal I by the symbol '∼ I '.
We also define the following ideal in U q ( gl 3 ): Definition 3. We denote by K the two-sided U q ( gl 3 ) ideal generated by the elements which have at least one arbitrary mode k
Equalities in U q ( gl 3 ) modulo the right ideal I, the left ideal J and the two-sided ideal K will be denoted by the symbol '≈'.
A right weight singular vector defined by the relations (2.7) is annihilated by the right action of any positive mode E i [n], n > 0, the element E 1,3 [1] and is a right-eigenvector for k + j (t),
where Λ j (τ ) are some meromorphic functions, decomposed as a power series in τ −1 . A left weight singular vector v ′ defined by the relation (2.9) is annihilated by the left action of any nonnegative modes F i [n], n ≥ 0 and is a left-eigenvector for k
where Λ ′ j (t) are also meromorphic functions. These facts follow from the relation between projections of the currents and the Gauss coordinates of the L-operator (3.1)-(3.3).
We observe that the vectors
belong to the modules over the quantum affine algebra U q ( gl 3 ) from the categories of the highest weight and lowest weight representations respectively. This is in accordance with the definition of the completions U E and U F and the corresponding projections given above. We assume the existence of a nondegenerate pairing v ′ , v and by the scalar product of the left and right universal Bethe vectors, we will understand the coefficient S(τ ,σ;t,s) in front of the pairing v ′ , v in the right hand side of equality
It is clear that the scalar product (2.11) differs from (5.3) by the product
The problem of calculation of the scalar product of the universal Bethe vectors (5.3) is equivalent to the commutation of the projections entering the definitions of the vectors (5.1) and (5.2) modulo the left ideal J and the right ideal I. To calculate this commutation, we use the integral presentation of the projections (4.8), commute the total currents and then calculate the integrals. Since both projections belong to the positive Borel subalgebra U q (b + ), we can neglect the terms which contain the negative Cartan currents k − i (t) and perform the commutation of the total currents modulo the two-sided ideal K. Actually, in commuting the total currents, we will be interested only in terms which are products of combinations of the U q ( gl 3 ) positive Cartan currents (3.17) . All other terms will be annihilated by the weight singular vectors.
Let us recall that elements E(μ,ν) and F(x,ȳ) are elements of the completed algebras U E and U F , which are dual subalgebras in U q ( gl 3 ) considered as a quantum double. There is a nondegenerate Hopf pairing between these subalgebras, given by the formulas (3.16). For any elements a ∈ A and b ∈ B from two dual Hopf subalgebras A and B of the quantum double algebra D(A) = A ⊕ B, there is a relation [26] a (2) , b
where ∆ A (a) = a (1) ⊗ a (2) and ∆ B (b) = b (1) ⊗ b (2) . Let us apply formula (5.4) for a = E(μ,ν) = E and b = F(x,ȳ) = F. Using the current coproduct (3.15), we conclude that The idealJ , similar to the ideal J, is the left ideal in U q ( gl 3 ) generated by the elements U q ( gl 3 ) · E i [n], i = 1, 2 and n ∈ Z. One can check that after integration in (4.8) the terms of the idealJ which have non-positive modes of the currents E 1 (µ k ) and E 2 (ν m ) on the right will disappear and can be neglected. Alternatively, we can argue that these terms are irrelevant using cyclic ordering of the current or Cartan-Weyl generators, as it was done in the papers [26, 21] . As result, a general equality (5.4) for the given elements a = E(μ,ν) and b = F(x,ȳ) reads E(μ,ν) · F(x,ȳ) = E(μ,ν), F(x,ȳ)
modulo ideals K and J. This relation shows that instead of calculating the exchange relations for the product of the currents E(μ,ν) and F(x,ȳ) it is enough to calculate the pairing between them.
Pairing and integral formula for scalar products
To calculate the pairing, we will use the basic properties of pairing between dual Hopf subalgebras where the rational series E(τ ,σ;x,ȳ) and F(t,s;x,ȳ) are given in (4.9) and (4.10).
Conclusions
The kernels entering the formulas (4.8) can be q-symmetrized over integration variables due to the q-symmetric properties of the product of the total currents. In the gl 2 case, this leads to the determinant representation of the kernel due to the identity i<j (t i − t j )(x j − x i ) det 1 (t i − x j )(q −1 t i − qx j ) i,j=1,...,n ,
where the determinant on the right hand side is called an Izergin determinant. It is equal (up to a scalar factor) to the partition function of the XXZ model with domain wall boundary conditions [8] .
The challenge is to get determinant formulas for the q-symmetrized kernels (4.9) and (4.10) as a sum of determinants and to use further this determinant formula to get a determinant formula for the scalar products. Work in this direction is in progress.
